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ON AN ELLIPTIC EQUATION ARISING FROM PHOTO-ACOUSTIC
IMAGING IN INHOMOGENEOUS MEDIA
HABIB AMMARI, HONGJIE DONG, HYEONBAE KANG, AND SEICK KIM
Abstract. We study an elliptic equation withmeasurable coefficients arising from
photo-acoustic imaging in inhomogeneous media. We establish Ho¨lder continuity
of weak solutions and obtain pointwise bounds for Green’s functions subject to
Dirichlet or Neumann condition.
1. Introduction and main results
We consider an operator L of the form
Lu = −div(γ(x)∇u) + iku
acting on a complex-valued function u defined on a domainΩ ⊂ Rn (n ≥ 3). Here,
i =
√
−1, k is a nonzero constant, and γ(x) is a real n × n matrix valued function
satisfying
ν|ξ|2 ≤ Re ξ¯⊤γ(x)ξ, ∀ξ ∈ Cn, ∀x ∈ Ω; ‖γ‖L∞(Ω) ≤ ν−1, (1.1)
for some ν ∈ (0, 1]. The adjoint operator L∗ is given by
L∗u = −div(γ(x)⊤∇u) − iku.
Note that the condition (1.1) is invariant if we replace γ by γ⊤. Therefore, even if
L is not necessarily a symmetric operator, L and L∗ are operators of the same type.
The operator L arises from quantitative photo-acoustic imaging in inhomoge-
neous media; see [1, 3]. The purpose of quantitative photo-acoustic imaging is
to reconstruct the optical absorption coefficient of an optical anomaly from the
absorbed energy density. The absorbed energy density is obtained from boundary
measurements of the pressure induced by the thermo-elastic effect; see [10]. The
reconstruction problem is challenging. One promising method is implemented in
[2] in the framework of diametrically small optical anomalies. It uses asymptotic
expansions of the energy density in terms of the characteristic size of the optical
anomalies. Such expansions are based on estimates of the Neumann function of
the operator L under the assumption that γ is uniformly continuous in Ω. This
note aims at removing such regularity assumption and extending the results of [4]
to real biological tissues.
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We say that the function u ∈ H1(Ω) is a weak solution of Lu = f , f ∈ L2n/(n+2)(Ω),
if it satisfies for any ϕ ∈ H10(Ω) the identity∫
Ω
(∇ϕ¯⊤γ∇u + ikuϕ¯) =
∫
Ω
f ϕ¯. (1.2)
In this short article, we prove that any weak solution u of Lu = 0 satisfies the
following De Giorgi-Moser-Nash type estimate in Br(x0) ⊂ Ω:
[u]α;Br/2(x0) ≤ Cr−n/2−α‖u‖L2(Br(x0)),
where [u]α;Br(x0) is the standard Ho¨lder semi-norm of u over an open ball of radius
r centered at x0. We emphasize that the constant C in the above estimate is inde-
pendent of k and depends only on n and ν. Since u is complex valued and its real
and imaginary parts are intertwined in the equation through the parameter k, this
result is not immediate from the classical De Giorgi-Moser-Nash theory. We also
establish similar estimates near the boundary for weak solutions satisfying zero
Dirichlet or Neumann boundary condition. Then by utilizing these estimates, we
construct Dirichlet andNeumann functions and derive the pointwise estimates for
them; we show that they are bounded in modulus by C|x − y|2−n. By Dirichlet’s
function we mean a function G(x, y) satisfying{
LG(·, y) = δy in Ω,
G(·, y) = 0 on ∂Ω,
and similarly, by Neumann function, we mean a function N(x, y) satisfying{
LN(·, y) = δy in Ω,
γ∇N(·, y) · n = 0 on ∂Ω.
The above definitions for Dirichlet and Neumann functions should be interpreted
in a weak sense; see [4, Sec. 2.2] for details.
Now, let us state our main results more precisely.
Theorem 1.3. Let u ∈ H1(Ω) be a weak solution of Lu = f .
(i) Let Br = Br(x0) ⊂ Ω and f ∈ Lp(Br) for some p > n/2. Then, we have
[u]α;Br/2 ≤ Cr−α
(
r−n/2‖u‖L2(Br) + r2−n/p‖ f ‖Lp(Br)
)
, (1.4)
where α ∈ (0, 1) and C > 0 are constants depending only on n, ν, and p.
(ii) Suppose u = 0 on ∂Ω in the sense that u ∈ H1
0
(Ω). Let Ωr = Ωr(x0) = Ω ∩ Br(x0)
with x0 ∈ Ω¯ and f ∈ Lp(Ωr) for some p > n/2. Then, we have
‖u‖L∞(Ωr/2) ≤ C
(
r−n/2‖u‖L2(Ωr) + r2−n/p‖ f ‖Lp(Ωr)
)
(1.5)
for any 0 < r < diamΩ, where C is a constant depending only on n, ν, and p.
(iii) Suppose thatΩ is a bounded Lipschitz domain and ∂u/∂ν = 0 on ∂Ω in the sense that
for any ϕ ∈ H1(Ω) the identity (1.2) holds. Then, there is a constant C depending
only on n, ν, p, andΩ such that the estimate (1.5) is valid for any 0 < r < diamΩ.
Remark 1.6. It should be clear from the proof that the same conclusions of the
preceding theorem hold true for any weak solution u ∈ H1(Ω) of L∗u = f .
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Remark 1.7. In view of the proof of Theorem 1.3 below, by using the boundary
De Giorgi-Moser-Nash theorem, it is easily seen that under the assumption of
Theorem 1.3 ii) and a uniform exterior cone condition onΩ, we have the following
Ho¨lder estimate:
[u]α;Ωr/2 ≤ Cr−α
(
r−n/2‖u‖L2(Ωr) + r2−n/p‖ f ‖Lp(Ωr)
)
,
where α ∈ (0, 1) and C > 0 are constants depending only on n, ν, p and the
parameters in a uniform exterior cone condition. The same estimate also holds
under the assumption of Theorem 1.3 iii).
Theorem 1.8. (Dirichlet’s function) There exists a unique Dirichlet function G(x, y) such
that
|G(x, y)| ≤ C|x − y|2−n, ∀x, y ∈ Ω, x , y, (1.9)
where C is a constant depending only on n and ν. In particular, when Ω = Rn, we have
the fundamental solution with the pointwise estimate (1.9).
Theorem 1.10. (Neumann function) Let Ω be a bounded Lipschitz domain. There exists
a unique Neumann function N(x, y) such that
|N(x, y)| ≤ Cmax(1, |k|−1/2) |x − y|2−n, ∀x, y ∈ Ω, x , y, (1.11)
where C is a constant depending only on n, ν, andΩ.
We note that a similar result regarding Neumann function N(x, y) was estab-
lished in [4] under the stronger assumption that γ is uniformly continuous in Ω
andΩ is a C1-domain. Therefore, our result is quite an improvement of that in [4].
We emphasize, however, that in [4] estimates of derivatives of the Neumann func-
tions are also derived under additional smoothness assumptions on the coefficients
and the domain.
Finally, onemaywish to consider the casewhen k is not a constant but a variable
coefficients k(x) and include lower order terms in L. Even in this case, our main
estimates are independent of the size of k(x) but on the size of its “oscillation”. We
shall illustrate how to generalize our results to this case in Section 2.4.
2. Proof of main theorems
2.1. Proof of Theorem 1.3. The idea of the proof is to add a new variable and
rewrite the equation as a parabolic equation without zero-order term, so that k
does not play a role in our estimates. Let v(x, t) = eiktu(x). Then v becomes a weak
solution of the parabolic equation
vt − div(γ(x)∇v) = eikt f (x) in Ω × (−∞,∞).
Note that the real and imaginary parts of v are solutions of a real scalar equation
wt − div(γ(x)∇w) = g(x, t) in Ω × (−∞,∞)
with g(x, t) = cos(kt) f (x) or g(x, t) = sin(kt) f (x). Denote Qr = Br × (−r2, 0). Clearly,
we have
‖g‖Lp,∞x,t (Qr) ≤ ‖ f ‖Lp(Br)
and thus by the De Giorgi-Moser-Nash theorem applied to the real and imaginary
parts of v, we have the parabolic Ho¨lder estimate
[v]Cα,α/2(Qr/2) ≤ Cr−α
(
r−(n+2)/2‖v‖L2(Qr) + r2−n/p‖g‖L∞t Lpx(Br)
)
,
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where C depends only on n, ν, and p.
Then for any x, y ∈ Br/2(x0) with x , y, we have
|u(x) − u(y)|
|x − y|α =
|v(x, t)− v(y, t)|
|x − y|α
≤ Cr−α
(
r−(n+2)/2‖v‖L2(Qr) + r2−n/p‖g‖Lp,∞x,t (Qr)
)
= Cr−α
(
r−n/2‖u‖L2(Br) + r2−n/p‖ f ‖Lp(Br)
)
.
Therefore, we have the estimate (1.4). This completes the proof for part (i).
Next suppose that u ∈ H10(Ω). Then v(x, t) = eiktu(x) vanishes on ∂Ω × (−∞,∞).
DenoteUr = Ωr× (−r2, 0). By the local maximum principle of De Giorgi andMoser
(see, e.g., [9, Ch. III, § 7]) applied to both real and imaginary parts of v, we get
‖v‖L∞(Ur/2) ≤ C
(
r−(n+2)/2‖v‖L2(Ur) + r2−n/p‖g‖Lp,∞x,t (Ur)
)
, (2.1)
whereC depends only on n, ν, and p. Then as in part (i), we get (1.5) from the above
inequality. This completes the proof for part (ii). The proof for part (iii) is similar.
The assumption that Ω is a Lipschitz domain makes the (multiplicative) Sobolev
inequality available to us and we can still apply De Girogi or Moser’s method as
mentioned above to get the local boundedness estimate (2.1). The constant C at
this time, however, additionally depends on the constant of the Sobolev inequality
and diameter ofΩ, and thus depends on Ω; see [5, § 5.3.1]. 
2.2. Proof of Theorem 1.8. First, we establish unique solvability of the problem
Lu = f in Ω, f ∈ L2n/(n+2)(Ω) (2.2)
in the spaceH1
0
(Ω). For any R > 0, denoteΩR = Ω∩BR(0) and consider the Hilbert
space H1
0
(ΩR) equipped with inner product
(u, v) =
∫
ΩR
∇u · ∇v¯.
We define the sesquilinear form B : H1
0
(ΩR) ×H10(ΩR) → C as
B[u, v] :=
∫
ΩR
(∇v¯⊤γ∇u + ikuv¯).
It is easy to check that B satisfies the following:
i) there exists C = C(n, ν, k,R) such that
|B[u, v]| ≤ C‖u‖ ‖v‖, ∀u, v ∈ H10(ΩR);
ii)
ν‖u‖2 ≤ ReB[u, u], ∀u ∈ H10(ΩR).
Let F : H10(ΩR)→ C be a bounded anti-linear functional; i.e.,
F(v + λw) = F(v) + λ¯F(w), ∀v,w ∈ H10(ΩR), ∀λ ∈ C
and
‖F‖∗ := sup
‖v‖≤1
|F(v)| < ∞.
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Then by the Lax-Milgram lemma (in the complex case), there exists a unique
u ∈ H10(ΩR) such that ‖u‖ ≤ ν−1‖F‖∗ and
B[u, v] = F(v), ∀v ∈ H10(ΩR).
In particular, for any f ∈ L2n/(n+2)(Ω), there is a unique u(R) ∈ H1
0
(ΩR) such that∫
ΩR
(∇v¯⊤γ∇u(R) + iku(R)v¯) =
∫
ΩR
f v¯, ∀v ∈ H10(ΩR) (2.3)
and u(R) satisfies the estimate
‖∇u(R)‖L2(ΩR) ≤ C(n)ν−1‖ f ‖L2n/(n+2)(Ω).
By taking v = u(R) in (2.3) and using Cauchy’s inequality and the Sobolev embed-
ding theorem, we get √
|k| ‖u(R)‖L2(ΩR) ≤ C(n, ν)‖ f ‖L2n/(n+2)(Ω).
Therefore, there exist a sequence {u j} and a function u in H10(Ω) such that u j ⇀ u
weakly in H1(Ω), and u satisfies
‖∇u‖L2(Ω) ≤ C(n)ν−1‖ f ‖L2n/(n+2)(Ω),
√
|k| ‖u‖L2(Ω) ≤ C(n, ν)‖ f ‖L2n/(n+2)(Ω). (2.4)
Thus by taking the limit in (2.3), we have∫
Ω
(∇v¯⊤γ∇u + ikuv¯) =
∫
Ω
f v¯, ∀v ∈ C∞0 (Ω). (2.5)
By (2.4) and a density argument, we get (2.5) for any v ∈ H1
0
(Ω). This establishes
existence of a solution in the space H1
0
(Ω). In the case when f = 0, the above
identity implies that if u ∈ H1
0
(Ω) is a weak solution of Lu = 0, then u = 0. This
establishes uniqueness too.
Having unique solvability of the problem (2.2) and the part i) and ii) of The-
orem 1.3, one can construct Dirichlet’s function and obtain the pointwise bound
(1.9) by following the same method as in [7] and [8]. The uniqueness of Dirichlet’s
function is a mere consequence of the fact that u = 0 is a unique weak solution of
Lu = 0 in the function class of H1
0
(Ω). 
2.3. Proof of Theorem 1.10. The theorem follows from replicating the proof of [4,
Theorem 2.3] using part (i) and (iii) of Theorem 1.3. It is assumed that k ≥ k0 > 0 in
[4]. However, by replacing the constant C = C(n, ν, k0) in the estimate [4, (2.29)] by
max(1, |k|−1/2)C(n, ν), we dispense with introducing the lower bound k0. 
2.4. A generalization. In this subsection, we show how to extend our results to
operatorswith lower-order termswhen k is not a constant but a variable coefficients
k(x). We consider an operator L of the form
Lu = −div(γ(x)∇u + b˜(x)u) + b(x) · ∇u + c(x)u + ik(x)u, (2.6)
where b = (b1, . . . , bn)⊤, b˜ = (b˜1, . . . , b˜n)⊤, and k(x) are real valued functions defined
on Ω ⊂ Rn. We assume that b, b˜, and c are bounded functions so that
‖b‖∞ + ‖b˜‖∞ + ‖c‖∞ ≤ M.
When k(x) ≡ k ∈ R, by the same proof, the estimate (1.4) in Theorem 1.3 (i) remains
valid for all r ∈ (0, ro], where ro > 0 is any fixed number, but the constant C now
depends on ν, n, p, ro, andM; but it is still independent of k.
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Next we treat the case with general variable coefficient k(x). We assume that k(x)
satisfies
sup
r∈(0,ro]
r2
(?
Br
∣∣∣k(x) − k¯r∣∣∣q dx
)1/q
≤ κo, where k¯r =
?
Br
k(x) dx,
for some ro > 0, q > n/2, and κo ≥ 0. This condition is satisfied, for instance, when
k(x) is uniformly continuous or is a function of bounded mean oscillations (BMO).
We rewrite the equation Lu = f into
−div(γ(x)∇u) + b(x) · ∇u + c(x)u + ik¯ru = f − i(k(x) − k¯r)u.
Choose p1 ∈ (n/2, q) and p2 ∈ (n/2,∞) such that 1/p1 = 1/q + 1/p2. By the previous
statement regarding an operator L with k(x) ≡ k ∈ R, we have
[u]α;Br/2 ≤ Cr−α
(
r−n/2‖u‖L2(Br) + r2−n/p‖ f ‖Lp(Br) + r2−n/p1‖(k − k¯r)u‖Lp1 (Br)
)
≤ Cr−α
(
r−n/2‖u‖L2(Br) + r2−n/p‖ f ‖Lp(Br) + κor−n/p2‖u‖Lp2 (Br)
)
,
where we used Ho¨lder’s inequality in the second line. Estimate (1.4) then follows
from the inequality above and a standard iteration argument (cf. [6, pp. 80–82]).
Of course, now the constant C also depends on q and κo in addition to ν, n, p, ro,
andM, but is still independent of the size of k(x).
Similar adjustments are needed for Theorem 1.3 (ii) and (iii). Theorem 1.8
remains valid when Ω is bounded and we have coercivity for the sequilinear form
associated with (2.6); i.e., under these assumptions, there exists a unique Dirichlet
function G(x, y) such that
|G(x, y)| ≤ C|x − y|2−n,
where C is a constant depending on ν, n,M, κo, and diamΩ. We have the required
coercivity, for example, when c(x) ≥ co for some co large enough. Under an addi-
tional assumption that k(x) is bounded away from zero, Theorem 1.10 also remains
true if the estimate (1.11) is replaced by
|N(x, y)| ≤ Cmax
(
1, (inf |k|)−1/2
)
|x − y|2−n,
where the constant C depends additionally on M and κo.
Remark 2.7. As in the classical De Giorgi–Nash–Moser theory, it is possible to relax
assumptions on b, b˜, and c so that they belong to certain Lebesgue orMorrey spaces
other than the L∞ space. We leave the details to the interested reader.
References
[1] H. Ammari, E. Bossy, V. Jugnon, and H. Kang, Mathematical modelling in photo-acoustic imaging
of small absorbers, SIAM Rev. 52 (2010), 677–695.
[2] H. Ammari, E. Bossy, V. Jugnon, and H. Kang, Reconstruction of the optical absorption coefficient
of a small absorber from the absorbed energy density, SIAM Jour. Appl. Math., 71 (2011), 676–693.
[3] H. Ammari, E. Bretin, V. Jugnon, and A. Wahab, Photoacoustic imaging for attenuating acoustic
media, in Mathematical Modeling in Biomedical Imaging II, Lecture Notes in Math., Vol. 2035,
57–84, Springer-Verlag, Berlin, 2011.
[4] H. Ammari, H. Kang, and S. Kim, Sharp estimates for the Neumann functions and applications to
quantitative photo-acoustic imaging in inhomogeneousmedia. J. Differential Equations 253 (2012),
no. 1, 41 –72.
[5] J. Choi and S. Kim, Green’s functions for elliptic and parabolic systems with Robin-type boundary
conditions, J. Funct. Anal., 267 (2014), no. 9, 3205–3261.
ELLIPTIC EQUATION ARISING FROM PHOTO-ACOUSTIC IMAGING 7
[6] M. Giaquinta, Introduction to regularity theory for nonlinear elliptic systems, Lectures in Mathe-
matics ETH Zu¨rich, Birkha¨user Verlag, Basel, 1993.
[7] S. Hofmann and S. Kim, The Green function estimates for strongly elliptic systems of second order,
Manuscripta Math., 124 (2007), no. 2, 139–172.
[8] K. Kang and S. Kim, Global pointwise estimates for Green’smatrix of second order elliptic systems,
J. Differential Equations 249 (2010), no. 11, 2643–2662.
[9] O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Ural’tseva, Linear and quasilinear equations of
parabolic type. American Mathematical Society: Providence, RI, 1967.
[10] M. Xu and L.V. Wang, Photoacoustic imaging in biomedicine, Review of Scientific Instruments, 77
(2006), 041101.
(H. Ammari) Department ofMathematics and Applications, Ecole Normale Supe´rieure, 45 Rue
d’Ulm, 75005 Paris, France
E-mail address: habib.ammari@ens.fr
(H. Dong) Division of AppliedMathematics, Brown University, 182 George Street, Providence,
RI 02912, United States of America
E-mail address: hdong@brown.edu
(H. Kang) Department ofMathematics, Inha University, Incheon 402-751, Republic of Korea
E-mail address: hbkang@inha.ac.kr
(S. Kim) Department of Mathematics, Yonsei University, 50 Yonsei-ro, Seodaemun-gu, Seoul
120-749, Republic of Korea
E-mail address: kimseick@yonsei.ac.kr
